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What Are Multilevel Models?

Multilevel Models are:
extensions of regression in which data are structured in groups
and coefficients can vary by group. [Gelman and Hill 2007, 237]

Examples:

• Varying Intercepts Models:

yi = α j[i] + βxi + εi

• Varying Slopes Models:

yi = α + β j[i]xi + εi

• Both - varying intercepts and slopes:

yi = α j[i] + β j[i]xi + εi
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Multilevel Data

Multilevel data are different than the data we have considered thus far as
they have observed data at different levels of aggregation. Some
examples:

• Children in classrooms, in schools, in districts, in states.

• Voters in towns, in states

• yearly data within countries.

The prominent feature here is that observations are“nested” in groups.
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The Model Matrix




1 x11 x12 z11 z12
1 x12 x22 z11 z12
...

...
1 xi1 xi2 z j1 z j2




where:

• i = 1, . . . ,n j indexes individuals

• j = 1, . . . ,N indexes groups

• x represent variables that vary by individuals

• z represent variables that vary by groups

• M =
∑N

j n j
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The Independence Assumption

• Recall that OLS assumes that each observation is independent of
the others

¥ More specifically, the error term, or equivalent the Y-values, are
independent of each other

• Although the assumption of independence is rarely perfect, in
practice a random sample from a large population provides a close
approximation

¥ Time-series data, panel data and clustered data often do not satisfy
this condition

¥ In these cases, dependencies among the errors can be quite strong

• If independence is violated, OLS is no longer the optimal estimation
method as standard errors are biased downwards
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What happens if we ignore the multilevel nature of the data?

• Calculation of standard errors involves consideration of the sample
size in the denominator of the formula:

S E(x̄) =
S x√

n

S E(B) =
S E√∑
(xi − x̄)2

≡ S y

S x

√
1 − r2

xy

n − 2

• When the observations are not independent, the effective sample
size is smaller than what we observe and thus an adjustment must
be made to the standard errors or they will be biased downwards
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Design Effect and Effective N

• Assume a two-stage sample with equal n j for each j second level
group

¥ The sample size is Nn where N is the number of level 2 units
• The design effect indicates how much the sample size in the

standard error formulas should be adjusted to account for the
sampling design

¥ A large design effect means a large variance, which means larger
standard errors

¥ The design effect is obtained as follows: 1 + (n − 1)ρ j where ρ j is the
intraclass correlation (the proportion of variance accounted for by the
group level

• The effective sample size is:

Neffective =
Nn

design effect
=

Nn
1 + (n − 1)ρ
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Intraclass Correlation

The degree of similarity among the i’s (e.g., individuals) within each j
(e.g., district) is given by the intraclass correlation coefficient. Consider
the model:

Yi j = µ + U j + Ri j

where µ is the population grand mean, U j is the specific effect of group j
and Ri j is the residual for the i’s. It is assumed that:

• U j are independent with mean 0 and variance τ2.

• Ri j are independent with mean 0 and variance σ2.

• var(Yi j) = τ2 + σ2

ρI =
population variance betweenmacro units

total variance
=

τ2

σ2 + τ2
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Within Group Variance

The mean of Yi j by the j groups is defined as:

Ȳ· j =
1
n j

n j∑

i=1

Yi j

The overall mean, then is:

Ȳ·· =
1
M

N∑

j=1

n j∑

i=1

Yi j =
1
M

M∑

j=1

n jȲ· j

The observed variance within group j is:

S 2
j =

1
n j − 1

n j∑

i

(Yi j − Ȳ· j)2

The overall or pooled within group variance is, then:

S 2
within =

1
M − N

N∑

j=1

(n j − 1)S 2
j
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Between Group Variance

The observed between group variance is defined by:

S 2
between =

1
ñ(N − 1)

N∑

j=1

ñ(Ȳ· j − Ȳ··)2

where:

ñ =
1

N − 1


M −

∑N
j=1 n2

j

M


 = n̄ − s2(n j)

Nn̄

and

s2(n j) =
1

N − 1

N∑

j=1

(n j − n̄)2
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Within and Between Effects

The choice of estimator for grouped data comes down to a choice about
what sorts of things you want to know. If you want to know something
about between unit variance, then you need a between estimator, e.g.:

Ȳ· j = δ0 + δ1X̄· j + ν j

However, if you want to know something about the relationship of Y and
X within groups (i.e., among individuals in each group), then you need a
within estimator, e.g.:

(Yi j − Ȳ· j) = δ0 + δ1(Xi j − X̄· j) + (ui j − ū· j)

Some models are compromises that allow us to learn something about
both types of relationships.
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Caveats

You will notice from examples above that it would be impossible to
estimate both of these models simultaneously. To estimate unconstrained
within effects and between effect relationships. Think of this as fixed
effects in TSCS data (a topic to which we’ll return in greater detail later):

Yit = αi + βxit + uit

The αi will estimate the group means. We can also think of this as d!
where

d
(M×k−1)

=




1 0 · · · 0
...

...
0 1 · · · 0
...

...
0 · · · 0 1
...

...
0 · · · 0 1




!
(k−1×1)

=




α1
...
αk−1



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Caveats (2)

A variable that varies only by group, will be perfectly collinear with d.
This means we cannot estimate a within and between regression
simultaneously (with simple technology).

We will have to make some assumptions and use slightly more
complicated models to make this work if we want to know something
about both things.
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Snijders and Bosker’s Example (1)

• Assume the following two-level artificial data, with 5 groups
containing 2 observations each:

j i Xi j X̄· j Yi j Ȳ· j
1 1 1 2 5 6
1 2 3 2 7 6
2 1 2 3 4 5
2 2 4 3 6 5
3 1 3 4 3 4
3 2 5 4 5 4
4 1 4 5 2 3
4 2 6 5 4 3
5 1 5 6 1 2
5 2 7 6 3 2

• We now fit several models: (1) a total regression, (2) a regression
between group means, (3) within group regressions, (4) multilevel
model
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Snijders and Bosker’s Example (2)

1. Total regression (Yi j ∼ Xi j)

Ŷi j = 5.33333333333333+−0.333333333333333Xi j

2. Between Group Means
(Y· j ∼ X· j)

Ŷ· j = 8 + −1X̄· j

3. Within Groups
(Yi j − Ȳ· j ∼ Xi j − X̄· j)

Ŷi j = Ȳ· j + 1(Xi j − X̄· j)

4. Multilevel Regression:

Ŷi j = 8.00 − 1.00X̄· j + 1.00(Xi j − X̄· j)
= 8 + −2X̄· j + 1Xi j

• Equation 3 stems from the
individual regressions of Yi on
Xi within each group. It
simplifies to this equation only
when the slopes for each
group are the same

• The multilevel regression (4)
writes Yi j as a function of the
within group and between
group relations between Y and
X

15 / 76

Snijders and Bosker’s Example (3)

• Notice that both the total
regression and the between
group regression have done a
poor job of capturing the
trend in the data

• In fact the regression between
groups is in the opposite
direction to the individual
within group regressions

0 2 4 6 8

0
2

4
6

8

x

y

!

!

Total Regression

Regression Between Groups

Regressions Within Groups
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Multilevel Regression Model: Varying Intercepts

Imagine we have the following model:

Yi j = β0 j + β1xi j + Ri j

where

β0 j = γ00 + U0 j

β1 = γ10

The new equation is:

Yi j = γ00 + γ10 + U0 j + Ri j

The U0 j are deviations from the overall mean γ00.
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U0 j - fixed or random?

If we think of U0 j as fixed, we estimate a parameter for each of U0 j (save
1 for identification).

• These group level parameters are by definition going to be perfectly
collinear with any explanatory variable that only varies by group.

If we think of U0 j as random, then we think of them as“group residuals”,
given X.

• This is appropriate if groups are“exchangeable” - all drawn from a
population of groups.

• There is oneparameter associated with the groups in this model and
that is the variance of the group effects.
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Fixed or Random?

1. If the groups are of interest and researchers want to make inferences
about the differences between groups, the fixed effects should be
used.

2. If the groups are considered to be sampled from a population of
groups and the research wants to make inferences pertaining to the
population of groups, random effects should be used.

3. If the researcher wants to test propositions about the effects of
group level variables - random coefficients should be used (we’ll talk
more about this later with Pluemper and Troger’s piece).

4. If group sizes are small - random effects can help leverage strength
across the groups if the assumption of exchangeability holds.

5. Random effects models work best when the assumption of
approximate normality of U0 j and Ri j holds.
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Mixed Models

• Mixed models consider both fixed and random effects
• In other words, some coefficients apply to the whole sample (fixed

effects) but others vary according to groups
¥ Coefficients that apply to all observations are called Þxed
¥ Coefficients that vary by group are called random

• For any specific explanatory variable it is possible to specify a
random slope, but more commonly a random intercept is specified

• these models go by several other names:
¥ Multilevel linear models
¥ Hierarchical linear models
¥ Mixed-effects models
¥ Random-effects models
¥ Random-coefficient regression models
¥ Variance component models
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Mixed Models in Matrix Form (1)

• Recall that the normal linear model has only one random effect, the
error term εi

y = X" + #
# ∼ Nn(0,σ2In)

• Mixed effects models extend this model by including additional
random effects

y = X" + Z jb j + #
b j ∼ Nq(0,Ψ)
# ∼ Nn(0,σ2Λ j)

• We see here that both the errors and the coefficient estimates
(including the intercept) can vary across groups. Both are randomly
distributed
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Mixed Models in Matrix Form (2)

y j = X" + Z jb j + #
b j ∼ Nq(0,Ψ)
# ∼ Nn(0,σ2Λ j)

where:
• y j is the response vector for the jth group
• X j is the model matrix for the fixed effect of the observations in

group j
• β is the vector of fixed effects coefficients
• Z j is the model matrix for the random effects for observations in

group j
• b j is the vector of random effect coefficients for group j
• ε j is the vector of errors for observations in group j
• Ψ is a covariance matrix for the random effects
• σ2Λ j is the covariance matrix for the errors in the jth group
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Estimation of Mixed Models (1)

• Linear mixed models are fit in R using the lme function in the nlme
package (and also using the lmer function in the lme4 package
which is still under development)

• Two methods are employed:

1. Full Maximum Likelihood Estimation

• This method maximizes the likelihood with respect to all of the
parameters in the model simultaneously. In other words, both fixed
effects and random effects are estimated simultaneously

• If you are interested in comparing models using an analysis of
deviance, ML is the method that should be employed

• ML is not the default method for the nlme package, however,
because the variance components tend to be biased downwards in
finite samples

• In any event, ML can be specified with the method argument
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Estimation of Mixed Models (2)

2. Restricted Maximum Likelihood Estimation (REML)

• Initially integrates the fixed effects out of the likelihood and
estimates the variance components. Once it has estimates of the
variance components, it recovers estimates of the fixed effects

• REML estimates correct for the loss of the degrees of freedom due
to estimating the fixed effects (i.e., they do not suffer from the
biasing downwards that ML estimates do)

• When the number of level 2 units (clusters) is large, the estimates
from ML and REML are usually nearly identical

• Only when the number of level 2 units is small is there potentially a
problem with ML estimates
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Mixed Models Example: British Context Data

• The data are a subset from the 1997 British Election Study
¥ Collected using a multistage sample where first parliamentary

constituencies were randomly selected and then voters were randomly
selected from within the selected constituencies

¥ There are 2141 observations nested within 136 constituencies
• The variables of interest are:

¥ LRSCALE: left-right values scale
¥ PROFMAN: % professionals in constituency
¥ AGE
¥ SEX
¥ Degree (respondent obtained a univ degree)
¥ INCOME (household income)
¥ PANO: identifies the constituency
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Hypotheses

1. Household income affects attitudes
¥ More specifically, the richer one is, the more right-wing on average

their attitudes will be

2. This relationship will differ depending on the area in which one lives
- if they live in a rich constituency, they will be more likely to hold
right-wing attitudes regardless of their own wealth

¥ In other words, we expect their to be random effects for income

• We shall examine both whether the intercept varies across
constituencies (indicating on average that overall attitudes differ)
and whether the slope for income varies (indicating that income has
different effects according to constituency)
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Mixed Models Example: British Context Data (2)

• Our concern is whether income has an effect on values, and whether
the effect is influenced by the contextual nature of the constituency

• We begin by looking at the relationship between income and values
only, within a sample of the constituencies

> library(nlme)
> library(foreign)
> dat <- read.spss("context.sav",
+ use.value.labels=T, to.data.frame=T)
> sample30 <- with(dat, sample(unique(PANO), 30))
> sample.new <- dat[which(dat[["PANO"]] %in%
+ sample30), ]
> sample.new[["PANO"]] <- as.factor(as.character(
+ sample.new[["PANO"]]))
> library(car)
> coplot(LRSCALE ~ INCOME | PANO, panel=panel.car,
+ span=1, data=sample.new)
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Mixed Models Example: British Context Data (3)
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INCOME

L
R

S
C

A
L

E

   36.00   64.00   73.00  113.00  120.00  121.00  165.00  169.00  213.00  224.00  266.00  273.00  307.00  321.00  350.00  390.00  408.00  413.00  414.00  440.00  450.00  510.00  523.00  532.00  559.00  577.00  597.00  599.00  655.00  659.00

Given : PANO
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Mixed Models Example: British Context Data (4)

• We now proceed to fit within group regressions (i.e., separate
regressions for each constituency) in order to get a better idea of
whether there are differences in the intercept and slope (again I
report the sample of constituencies)
> mod1 <- lmList(LRSCALE ~ INCOME | PANO, data=sample.new)

• Because of the small group sizes, however, we shouldn’t expect
precise estimates
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Mixed Models Example: British Context Data (5)

> print(plot(intervals(mod1)))
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Getting the Between Data

> numdat <- dat[,c("LRSCALE", "AGE", "SEX", "INCOME", "DEGREE")]
> for(i in 1:ncol(numdat)){
+ numdat[,i] <- as.numeric(numdat[,i])
+ }
> numdat[,c(3,5)] <- numdat[,c(3,5)]-1
> between.dat <- by(numdat, list(dat[["PANO"]]),
+ function(x)apply(x, 2, mean, na.rm=T))
> between.dat <- do.call(rbind, between.dat)
> colnames(between.dat) <- colnames(numdat)
> between.dat <- as.data.frame(between.dat)
> between.mod <- lm(LRSCALE ~ AGE + SEX + INCOME + DEGREE,
+ data=between.dat)
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Between Model

Call:
lm(formula = LRSCALE ~ AGE + SEX + INCOME + DEGREE, data = between.dat)

Residuals:
Min 1Q Median 3Q Max

-2.54045 -0.84760 0.06047 0.74064 3.32560

Coefficients:
Estimate Std. Error t value Pr(>|t|)

(Intercept) 9.38592 1.05406 8.905 3.85e-15 ***
AGE 0.05155 0.01897 2.718 0.00745 **
SEX 1.08865 0.70125 1.552 0.12297
INCOME 0.39261 0.05842 6.721 5.04e-10 ***
DEGREE 0.38904 0.89502 0.435 0.66452
---
Signif. codes: 0 â***â 0.001 â**â 0.01 â*â 0.05 â.â 0.1 â â 1

Residual standard error: 1.196 on 131 degrees of freedom
Multiple R-squared: 0.3619, Adjusted R-squared: 0.3424
F-statistic: 18.58 on 4 and 131 DF, p-value: 4.097e-12
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Limitations of This Between Model

• Doesn’t weight observations by n j.

¥ We could fix this by doing a weighted least squares

• Only gives us the residual variance of the group means from the
grand mean - we might also be interested in the variance of
individuals from the regression line.
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Within Model: Fixed Unit Effects

> unpano <- unique(dat[["PANO"]])
> numdat.mean <- between.dat[match(as.numeric(as.character(dat[["PANO"]])),
+ as.numeric(rownames(between.dat))), ]
> within.dat <- numdat - numdat.mean
> within.mod <- lm(LRSCALE ~ AGE + SEX + INCOME + DEGREE, data=within.dat)
> within.mod2 <- lm(LRSCALE ~ AGE + SEX + INCOME + DEGREE + dat[["PANO"]],
+ data=numdat)
> mat <- cbind(round(coef(within.mod),5), round(coef(within.mod2)[1:5], 5))
> colnames(mat) <- c("mod","mod2")
> library(xtable)
> xtable(mat)

mod mod2
(Intercept) 0.00 12.40

AGE 0.03 0.03
SEX 0.15 0.15

INCOME 0.15 0.15
DEGREE 0.20 0.20
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Limitations of This Within Model

• Obviously, we can’t learn anything about the between-unit means.

¥ We can get parameters estimated for the group-specific means.
However, we can’t make inferences about them here because they are
inconsistent.

¥ These are inconsistent because the variance of these terms doesn’t go
to zero in the limit. As we sample more constituencies, we don’t ever
get more data points on constituency j.
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Multilevel Regression Models: Within and Between Unit Effects

Hierarchical or Multilevel Models offer us a way to learn something about
both within- and between-unit effects. We can formulate the model as
follows:

Yi j = γ00 + γ10xi j + U0 j + Ri j

Here:

• γ00 represents the grand mean of Yi j

• γ10 is the coefficient relating xi j to Yi j

• U0 j is the unit-specific deviation from the grand-mean (a
unit-specific intercept shift)

• Ri j is the observation-specific residual from the regression line
γ00 + γ10xi j + U0 j
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U0 j as Fixed or Random

In the above slides, we talked about U0 j as fixed - estimated by a
parameter in the model.

If we can think about U0 j as coming from a normal distribution with
mean 0 and variance τ20, then this buys us some flexibility. Put differently,
let’s assume this is the case.

• Another way we can think about this is treating U0 j as in the error
rather than in the systematic part of the model.

We could then think about a composite error term: νi j = U0 j + Ri j. If we
assume the individual pieces of the composite error are independent of
each other (and the X′s), then:

var(νi j) = var(U0 j) + var(Ri j) = τ20 + σ
2

Here, we are saying there are two sources in variation from the overall
regression line.
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Residual ICC

The residual intra-class correlation (ρI) in this relatively simple case is
given by:

ρI =
τ20

σ2 + τ20

This is the correlation between observations within the same group - it
gives us a sense of how similar two observations are within groups.

• This makes sense because as τ20 gets bigger (relative to σ2) it means
that the residual variance (the thing making observations not fall on
the overall regression line) is more a function of group differences
than of individual differences.
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Example: Empty Model ICC

> library(lme4)
> empty.mod <- lmer(LRSCALE ~ (1|PANO), data=dat)
> summary(empty.mod)

Linear mixed model fit by REML
Formula: LRSCALE ~ (1 | PANO)

Data: dat
AIC BIC logLik deviance REMLdev

11686 11703 -5840 11678 11680
Random effects:
Groups Name Variance Std.Dev.
PANO (Intercept) 1.1958 1.0935
Residual 12.9568 3.5996
Number of obs: 2141, groups: PANO, 136

Fixed effects:
Estimate Std. Error t value

(Intercept) 15.3080 0.1239 123.6

ρI =
1.1958

12.9568 + 1.1958
= 0.0845
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Example: One X variable ICC

> onex.mod <- lmer(LRSCALE ~ INCOME + (1|PANO), data=dat)
> summary(onex.mod)

Linear mixed model fit by REML
Formula: LRSCALE ~ INCOME + (1 | PANO)

Data: dat
AIC BIC logLik deviance REMLdev

11625 11648 -5809 11608 11617
Random effects:
Groups Name Variance Std.Dev.
PANO (Intercept) 0.80541 0.89745
Residual 12.70787 3.56481
Number of obs: 2141, groups: PANO, 136

Fixed effects:
Estimate Std. Error t value

(Intercept) 14.19569 0.17097 83.03
INCOME 0.15154 0.01772 8.55

Correlation of Fixed Effects:
(Intr)

INCOME -0.761

ρI =
0.8054

12.7079 + 0.8054
= 0.0596
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Graphical Results
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Adding More Variables

We can add more variables that vary by observation (over i j) without
changing the results above in an interesting way.

The reason we can do this is because the fixed part of the model will
change, but the random part will remain the same:

U0 j + Ri j

This will not always be the case. When we add some z j variables in the
model, it will get more difficult to calculate and interpret the ICC.
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Modeling both Between and Within Effects

The model presented above does not allow the between regression to be
different from the within regression. We saw on Monday that sometimes
the between and within regressions are quite different.

We can allow these to be different by including the group specific
variables - in this case, the group mean of income:
> bet.with.mod <- lmer(LRSCALE ~ INCOME +
+ numdat.mean[["INCOME"]] + (1|PANO), data=dat)
> summary(bet.with.mod)

Linear mixed model fit by REML
Formula: LRSCALE ~ INCOME + numdat.mean[["INCOME"]] + (1 | PANO)

Data: dat
AIC BIC logLik deviance REMLdev

11607 11635 -5798 11584 11597
Random effects:
Groups Name Variance Std.Dev.
PANO (Intercept) 0.55485 0.74488
Residual 12.69856 3.56350
Number of obs: 2141, groups: PANO, 136

Fixed effects:
Estimate Std. Error t value

(Intercept) 12.39474 0.38149 32.49
INCOME 0.12230 0.01875 6.52
numdat.mean[["INCOME"]] 0.27415 0.05341 5.13

Correlation of Fixed Effects:
(Intr) INCOME

INCOME 0.000
n.[["INCOME -0.902 -0.351
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Within Group Regression

The model we’re working with here is:

LRSCALEi j = γ00 + γ10INCOMEi j + γ01INCOME· j + U0 j + Ri j

We can group the pieces that vary only by group together and this
represents the intercept:

γ00 + γ01INCOME· j + U0 j︸!!!!!!!!!!!!!!!!!!!!!!!!!!!!︷︷!!!!!!!!!!!!!!!!!!!!!!!!!!!!︸
Intercept

+γ10INCOMEi j + Ri j

So, the fixed part of the within regression is:

γ00 + γ01INCOME· j︸!!!!!!!!!!!!!!!!!!!︷︷!!!!!!!!!!!!!!!!!!!︸
Intercept

+γ10INCOMEi j
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Between Regression

If we take the model from above:

LRSCALEi j = γ00 + γ10INCOMEi j + γ01INCOME· j + U0 j + Ri j

and take group averages on both sides, we get the following:

LRSCALE· j = γ00 + γ10INCOME· j + γ01INCOME· j + U0 j + Ri j

Doing some grouping of the fixed part of the regression gives:

LRSCALE· j = γ00 + (γ10 + γ01)︸!!!!!!!︷︷!!!!!!!︸
Between Coefficient

INCOME· j
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Interpretation

• In the example above, the coefficient on INCOME suggests that
overall, as individuals have higher levels of income, they have more
right-wing attitudes.

• The Between-unit coefficient suggests that individuals who are in
more affluent constituencies (as measured by the mean of income)
have intercepts that are on average more right-wing.
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Obtaining Estimates of U0 j

I will give the formula for the empty model (without variables). It gets
increasingly more complicated with other data in the model, but R will
do that for us.

Û0 j = λ jβ̂0 j + (1 − λ j)γ̂00

ˆγ00 =

N∑

j=1

n j

M
Ȳ· j

β0 j = Ȳ· j

λ j =
τ20

τ20 +
σ2

n j

The consequence of this estimation procedure is to pull all observations
toward the estimated population mean of γ00.

This is called an Empirical Bayesestimate of the unit effect. Now we’re
all Bayesians. Yay!
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Random Intercepts Model

Picking up on the point Matthew made yesterday, let’s consider the
following regression model:

Yi j = β0 j + β1 jxi j + Ri j

This identifies a separate intercept and slope for each of the
j = {1, . . . ,N} groups. We could accomplish this goal by estimating N
different models with OLS. What’s the problem with that??

Instead, what we’ll do is think of the slope and intercept as random
draws from some normal distribution with an estimated variance and a
mean of zero. We can“reparameterize” this as follows:

β0 j = γ00 + U0 j

β1 j = γ10 + U1 j

Doing some substitution:

Yi j = γ00 + U0 j + (γ10 + U1 j)xi j + Ri j
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Rearranging...

Yi j = γ00 + γ10xi j + U0 j + U1 jxi j + Ri j

where:

var(U0 j) = τ20
var(U1 j) = τ21

cov(U0 j, U1 j) = τ01

We assume that the Uk j are uncorrelated with the Ri j and the xi j
variables.
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Heteroskedasticity

If we look at the random part from above, we see that the variance of
the residuals depends on the value of xi j

U0 j + U1 jxi j + Ri j

Specifically:

var(Yi j|xi j) = τ20 + 2τ01xi j + τ
2
1x2

i j + σ
2

50 / 76

Random Slopes for Income

We can add a random slope to INCOME in our R model as follows:
> inc.mod3 <- lmer(LRSCALE ~ INCOME + numdat.mean[["INCOME"]] +
+ (1+INCOME|PANO), data=dat)
> summary(inc.mod3)

Linear mixed model fit by REML
Formula: LRSCALE ~ INCOME + numdat.mean[["INCOME"]] + (1 + INCOME | PANO)

Data: dat
AIC BIC logLik deviance REMLdev

11610 11650 -5798 11583 11596
Random effects:
Groups Name Variance Std.Dev. Corr
PANO (Intercept) 6.5691e-01 0.8104999

INCOME 8.0717e-05 0.0089843 -1.000
Residual 1.2697e+01 3.5633093
Number of obs: 2141, groups: PANO, 136

Fixed effects:
Estimate Std. Error t value

(Intercept) 12.40468 0.38223 32.45
INCOME 0.12201 0.01877 6.50
numdat.mean[["INCOME"]] 0.27326 0.05337 5.12

Correlation of Fixed Effects:
(Intr) INCOME

INCOME -0.002
n.[["INCOME -0.900 -0.357

51 / 76

Cross-Level Interactions

Thus far, we have not included any variables with which to model
random slopes and intercepts. Now, imagine that we have group-level
variables with which we want to model the slope and intercept.

β0 j = γ00 + γ01z j + U0 j

β1 j = γ10 + γ11z j + U1 j

Yi j = γ00 + γ01z j + U0 j + (γ10 + γ11z j + U1 j)xi j + Ri j

By rearranging, we get:

Yi j = γ00 + γ01z j + γ10xi j + γ11z jxi j + U0 j + U1 jxi j + Ri j

We can model the random slope by including the cross-level interaction.

52 / 76



Comparing Models (1)

• We now fit a number of models with all explanatory variables
included in the model

• We’ll compare the fit of the models to test whether the random
effects are statistically significant using an analysis of deviance test

> slope.mod <- lme(LRSCALE ~ INCOME + PROFMAN + AGE + SEX + DEGREE,
+ random = ~ 1+ INCOME | PANO, data=dat, method="ML")
> int.mod <- lme(LRSCALE ~ INCOME+ PROFMAN + AGE + SEX + DEGREE,
+ random = ~ 1 | PANO, data=dat, method="ML")
> ols.mod <- lm(LRSCALE ~ INCOME+ PROFMAN + AGE + SEX + DEGREE,
+ data=dat)
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Comparing Models (2)

The analysis of deviance suggests that the random intercept model is the
best choice
> anova(slope.mod, ols.mod)

Model df AIC BIC logLik Test L.Ratio p-value
slope.mod 1 10 11569.94 11626.64 -5774.972
ols.mod 2 7 11578.87 11618.56 -5782.436 1 vs 2 14.92715 0.0019

> anova(slope.mod, int.mod)

Model df AIC BIC logLik Test L.Ratio p-value
slope.mod 1 10 11569.94 11626.64 -5774.972
int.mod 2 8 11565.94 11611.30 -5774.972 1 vs 2 2.575427e-06 1

> anova(int.mod, ols.mod)

Model df AIC BIC logLik Test L.Ratio p-value
int.mod 1 8 11565.94 11611.30 -5774.972
ols.mod 2 7 11578.87 11618.56 -5782.436 1 vs 2 14.92715 1e-04
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Assumptions of the Model and Diagnostics

• The usual assumptions about the errors being normally distributed
and having constant error variances apply to mixed mdoels, too (on
each level)

• Mixed models further assume, however, that the within-group errors
are normally distributed with a mean of 0 and variance of σ2

¥ The nlme package includes functions for checking constant error
variance [plot(model)] and normality of the errors
[qqnorm(model)]. These functions can be used to explore residuals
overall and within groups
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Diagnostics for the Model (1)

> print(plot(int.mod))
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Diagnostics for the model (4)

> print(plot(int.mod, PANO~resid(.), abline=0))

Residuals

PA
N

O

    2.00    5.00   22.00   24.00   28.00   33.00   36.00   40.00   47.00   53.00   64.00   69.00   73.00   75.00   77.00   85.00  103.00  107.00  111.00  113.00  116.00  120.00  121.00  123.00  127.00  133.00  142.00  158.00  160.00  164.00  165.00  169.00  171.00  174.00  177.00  178.00  187.00  197.00  199.00  206.00  213.00  217.00  218.00  220.00  221.00  222.00  224.00  231.00  234.00  237.00  241.00  245.00  246.00  247.00  253.00  254.00  257.00  260.00  264.00  266.00  267.00  268.00  271.00  273.00  274.00  278.00  303.00  307.00  313.00  314.00  317.00  321.00  329.00  333.00  342.00  343.00  344.00  347.00  350.00  355.00  363.00  368.00  375.00  383.00  390.00  397.00  408.00  411.00  413.00  414.00  421.00  428.00  430.00  435.00  436.00  440.00  446.00  447.00  450.00  453.00  455.00  457.00  460.00  471.00  472.00  489.00  492.00  507.00  510.00  513.00  518.00  520.00  523.00  531.00  532.00  553.00  556.00  559.00  560.00  570.00  574.00  577.00  586.00  597.00  599.00  613.00  615.00  627.00  639.00  643.00  644.00  649.00  650.00  655.00  658.00  659.00

!10 !5 0 5 10

!!
! !!!

! !! ! !!!
!!

!! !!
!! ! !! !! !! !!!!
!!
! !! !!

! !!
!!
! !! !! !! !!! !! !!!!
! !!!

!! ! !!!
! !!

!!
!!

! !!
!! !! !! !!

!!
!!!!

! !! !!!
!!

!! !!!
!!
!! !! !!
!!
! !! !!!

!! !!
!!

!!
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!

!
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!
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!
!
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Final Model (1)

ML REML
Intercept 11.123 11.126

(0.427) (0.43)
INCOME 0.169 0.169

(0.02) (0.02)
PROFMAN 0.055 0.055

(0.013) (0.013)
AGE 0.028 0.028

(0.005) (0.005)
SEX 0.191 0.19

(0.156) (0.156)
DEGREE 0.271 0.271

(0.25) (0.251)
σα 0.691 0.707
σε 3.539 3.542

• You can see that the variance
components for the REML
model are a bit bigger

• However, you can also see
that neither model would give
us a substantively different
understanding of what’s
happening in the data

• This may not alwaysbe the
case (especially with small
number of units)
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Final Model (2)

• In order to examine whether the variance components have been
measured precisely, we specify a 95% confidence inteval
> intervals(int.mod2, which="var-cov")

Approximate 95% confidence intervals

Random Effects:
Level: PANO

lower est. upper
sd((Intercept)) 0.5057644 0.7069261 0.9880973

Within-group standard error:
lower est. upper

3.433837 3.542054 3.653681

> intervals(int.modML2, which="var-cov")

Approximate 95% confidence intervals

Random Effects:
Level: PANO

lower est. upper
sd((Intercept)) 0.4910544 0.6906308 0.9713199

Within-group standard error:
lower est. upper

3.430897 3.538924 3.650352

• finally, the standard deviations of the random effect estimates (in
thie case, the intercept) are reported; for variance components,
simply square them 0.7072 = 0.500
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Mixed Models for Longitudinal Data (1)

• The models considered thus far have assumed that individual
observations within groups are more similarly affected by particular
processes than are people outside the group

¥ In other words, there is a group effect

• Nonetheless, the errors between members within the groups were
still considered uncorrelated

• Mixed models can be easily extended to models with correlated
errors such as panel data where there are repeated measres taken
from the same individuals at several points in time

¥ In these cases, individuals are the level 2 units and measurements are
the level one unites nested within them

¥ For more information, see Pinheiro and Bates (2000) and Snijders
and Bosker (1999)
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Longitudinal Data and Autocorrelation

• An easy way of conceptualizing whether the errors are related is to
think whether we can predict outcomes based on past outcomes

¥ if we can predict Y based on past values of Y, the errors are
autocorrelated

• We could consider a whole array of economic indicators at the
country level, where knowing the value today could help us make a
reasonable prediction for tomorrow (e.g., GDP doesn’t usually
change overnight)

• Another example could be public opinion - unless something odd
happens, knowing support for a particular issue (or person) today
will give us a good indication of what it might be next month
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Whey be concerned about correlated errors?

• If the errors have positive autocorrelation, OLS will tend to
under-estimate the variability in the coefficient

• If the errors are negatively autocorrelated, OLS will suggest that it is
less precise than it should be

• Let us explore the example of the sample mean Ȳ
¥ In an independent sample of size n, the variance of Ȳ is σ

2

n where σ2

is the population variance
¥ the variance of Ȳ is considerably different for a first-order

autoregressive process, however, since the observations are no longer
independent
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Why be concerned about correlated errors? (2)

• the variance of Ȳ for a first-order autoregressive process is:

V(Ȳ) =
σ2

n
× 1 + ρ

1 − ρ

• We see here that the sampling variance of Ȳ is significantly larger
than σ

2

n when ρ approaches 1

• In practice, then this means that if we used OLS to estimate model
characteristics we would underestimate the size of the standard
errors for our estimates

• Although negative autocorrelation rarely occurs in the social
sciences, it is important to note that in this case, the variance gets
significantly smaller as ρ approaches -1
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Why be concerned about correlated errors? (3)

• Similar to the design effect for clustered samples discussed earlier,
we could also see autocorrelation in terms of“effective” sample size

¥ In this case, the effective number of observations from an inference
point of view is not n, but rather n 1−ρ

1+ρ

• Having said that, the common practice of proliferating observations
(for example, using monthly or quarterly data rather than yearly) is
unlikely to add much new information in a highly autocorrelated
time-series

¥ In fact, adding these“new”observations is likely to increase the level
of autocorrelation because the measurements are taken at closer
intervals
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Stationarity: What is it

• A time-series process is stationary if the underlying process is stable
over time - i.e., the observed trend or rate of change is stable over
time

• Two conditions must be met
1. The mean and variance remain stable over the long-term
2. The covariance at t and t + s is a function only of the relative lag s,

not of the starting point t. In other words, if we were predicting based
on the time series, we could predict as well between points 1 and 2 as
between points 12 and 13 and so on

• For any t, the covariance between εt and εt+s is:

C(εtεt+s) = E(εtεt+s) = σ2
ερs = C(εtεt−s)

where ρs is the autocorrelation at lag s (or the correlation between
errors separated by s time-periods)
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Stationary and the error covariance matrix

• By allowing correlated errors, we are assuming that the error matrix
no longer has zeros in the off-diagonal, but we have not yet specified
the structure of the correlations

• Assuming a stationary pattern allows us to specify the error
covariance matrix to have the following pattern:

Σεε =




1 ρ1 ρ2 · · · ρn−1
ρ1 1 ρ1 · · · ρn−2
ρ2 ρ1 1 · · · ρn−3
...

...
...

...
...

ρn−1 ρn−2 ρn−3 · · · 1




• Although we have many fewer parameters to estimate, we still have
as many parameters as there are observations

¥ Further restriction on Σεε is needed to fit a model
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First Order Autoregressive Process

• By far the most common assumption relied on in time-series models
is that of a first-order autoregressive process

εt = ρεt−1 + νt

where the error in time t depends only on the error in the previous
time-period, εt−1 and on a random shock νit

¥ The random shocks are assumed to be independent of each other and
normally distributed, implying that the serial correlation in the errors
is solely caused by the partial dependence of each error term on the
error in the previous time-period

• The corAR1 argument to lme specifies first-order autocorrelation
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Mixed Models for Longitudinal Data in R

• The example to follow uses the Blackmoor data in the car library
¥ The variables in the data are from 231 teenaged girls: 138 who were

hospitalized for eating disorders and 93 who were not. These two
groups are indicated by a variable called group

¥ Each girl (subject) was asked how much exercise she did per week
(exercise) at five time-points (in other words, measurements are
nested within individuals)

¥ I use the log of exercise in the model to remove a positive skew (with
a start of +1)

¥ The age of each girl was also recorded at each point in time
• Our goals are as follows:

¥ To see if exercise is related to age and if this relationship differs
between the two groups

¥ We also want to account for the variation within subjects
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Mixed Models for Longitudinal Data in R (2)

• If we do not assume correlated errors (i.e., we assume that the errors
for each measurement are independent of each other) the model is
fit in exactly the same way as we fit the context model earlier. We’ll
also try autocorrelated (AR1) errors

> library(car)
> data(Blackmoor)
> panel.mod <- lme(log(exercise+1) ~ age*group,
+ random =~ age|subject, data=Blackmoor)
> panel.mod2 <- lme(log(exercise+1) ~ age*group,
+ random =~ age|subject, data=Blackmoor,
+ correlation=corAR1(form=~age|subject))
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Plotting Predictions

> plot.dat <- data.frame(preds = panel.mod2[["fitted"]][,2],
+ age = Blackmoor[["age"]], subject=Blackmoor[["subject"]])
> plot.dat <- plot.dat[which(plot.dat[["subject"]] %in%
+ sample(unique(plot.dat[["subject"]]), 25)), ]
> print(xyplot(preds ~ age | subject, data=plot.dat, type="l", col="black"))
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Mixed Models for Longitudinal Data in R (3)

• We can now compare the fit of the model with autocorrelated errors
to the original uncorrelated error model in the usual way
> anova(panel.mod, panel.mod2)

Model df AIC BIC logLik Test L.Ratio p-value
panel.mod 1 8 1562.442 1601.218 -773.2212
panel.mod2 2 9 1536.356 1579.979 -759.1782 1 vs 2 28.08606 <.0001

• the likelihood ratio tests indicate significant autocorrelation - thus
we should choose the model specified that way
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Final Model with Autocorrelated errors: Random Effects

Random effects:
Formula: ~age | subject

StdDev Corr
(Intercept) 0.002128128 (Intr)
age 0.040122223 0.784
Residual 0.472079131

Correlation Structure: ARMA(1,0)
Formula: ~age | subject
Parameter estimate(s):

Phi1
-0.6010603
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Final Model with Autocorrelated Errors: Fixed Effects

Fixed effects: log(exercise + 1) ~ age * group
Value Std.Error DF t-value p-value

(Intercept) 0.3535043 0.11826087 712 2.989190 0.0029
age 0.0382574 0.01085592 712 3.524105 0.0005
grouppatient -0.7477324 0.14937338 229 -5.005794 0.0000
age:grouppatient 0.0891303 0.01362838 712 6.540054 0.0000
Correlation:

(Intr) age grpptn
age -0.894
grouppatient -0.792 0.708
age:grouppatient 0.712 -0.797 -0.888

Standardized Within-Group Residuals:
Min Q1 Med Q3 Max

-2.46707114 -0.62325347 -0.05021044 0.57516565 3.09611879

Number of Observations: 945
Number of Groups: 231
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