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Goals of the lecture

Discuss e! ective ways of testing and presenting e! ects in linear models
1. Categorical variables

¥ Dummy variables, deviation coding
¥ Quasi variances and quasi standard errors

2. Interaction E! ects
¥ Fitted values and e! ect displays

3. Relative importance
¥ Standardization for quantitative variables
¥ Relative importance for sets of e! ects, including categorical variables
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Categorical Explanatory Variables
Dumy Variables
Multi-Category EVÕs
Deviation Coding

Interaction E! ects
Interaction E! ects in Detail
Hypothesis Tests for Interactions
Interactions and Fitted Values
E! ect Displays

Relative Importance
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Categorical Explanatory Variables

¥ Linear regression can be extended to accommodate categorical
variables (factors) usingdummy variable regressors (or indicator
variables)

¥ Below a categorical variable is represented by a dummy regressorD,
(coded 1 for one category, 0 for the other):

Yi = α + βXi + γDi + εi

¥ This Þtstwo regression lines with the same slope but di! erent
intercepts. In other words, the coe" cient γ represents the constant
separation between the two regression lines:

Yi = α + βXi + γ(0)+ εi = α + βXi + εi
and

Yi = α + βXi + γ(1)+ εi = (α + γ) + βXi + εi
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Categorical Explanatory Variables (2)

¥ In Figure (a) failure to account for a categorical variable (gender)
does not produce signiÞcantly di! erent results, either in terms of the
intercept or the slope

¥ In Figure (b) the dummy regressor captures a signiÞcant di! erence
in intercepts. More importantly, failing to include gender gives a
negative slope for the relationship between education and income
(dotted line) when in fact it should be positive for both men and
women.
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Multi-Category Explanatory Variables

¥ Dummy regressors are easily extended to explanatory variables with
more than two categories.

¥ A variable withm categories hasm ! 1 regressors:
¥ As with the two-category case, one of the categories is a reference

group (coded 0 for all dummy regressors).
D1 D2

Blue Collar 1 0
Professional 0 1
White Collar 0 0

¥ The choice of reference category is technically irrelevant, but there
are two considerations:

¥ Theory may suggest we compare to a particular category
¥ The largest category gives the smallest standard errors for each of the

regressors
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Multi-Category Explanatory Variables (2)

¥ A model with one quantitative predictor (e.g., income) then takes
the following form:

Yi = α + βXi + γ1Di1 + γ2Di2 + εi

¥ This produces threeparallel regression lines:

Blue Collar:Yi = (α + γ1) + βXi + εi

Professional:Yi = (α + γ2) + βXi + εi

White Collar: Yi = α + βXi + εi

¥ Again, these lines are di! erent only in terms of their intercepts
¥ i.e., the γ coe" cients represent the constant distance between the

regression lines.γ1 and γ2 are the di! erences between occupation
types compared to Ôwhite collarÕ, when holding income constant.
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Dummy Variables inR

¥ in R , if categorical variables are properly speciÞed as factors,
dummy coding is done by default

¥ To specify a variable as a factor:
> library(car)
> data(Duncan)
> type2 <- with(Duncan, as.factor(type))
> contrasts(type2)

prof wc
bc 0 0
prof 1 0
wc 0 1

¥ It is easy to change the reference category inR :
> type2 <- relevel(type2, ref="bc")
> contrasts(type2)

prof wc
bc 0 0
prof 1 0
wc 0 1
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Model Matrix and Dummy Variables

¥ Assume a model with one quantitative predictor, say age, and a
dummy variable coded 1 for men

Yi = α + βxi + γDi

¥ The model matrix for such a regression model is strongly patterned,
with the n1 observations for women preceding then ! n1
observations for men:

!
""""""""""""""""""""""""""#

Y1
...

Yn1
Yn1+1
...

Yn

$
%%%%%%%%%%%%%%%%%%%%%%%%%%&

=

!
""""""""""""""""""""""""""#

1 x1 0
...

...
...

1 xn1 0
1 xn1+1 1
...

...
...

1 xn 1

$
%%%%%%%%%%%%%%%%%%%%%%%%%%&

!
"""""""#

α
β
γ

$
%%%%%%%&+

!
""""""""""""""""""""""""""#

ε1
...
εn1
εn1+1
...
εn

$
%%%%%%%%%%%%%%%%%%%%%%%%%%&

y = Xθ + ε

10 / 70

Assessing the E! ects of Dummy Variables inR (1)

> mod1<-lm(prestige~income+education+type, data=Duncan)
> summary(mod1)

Call:
lm(formula = prestige ~ income + education + type, data = Duncan)

Residuals:
Min 1Q Median 3Q Max

-14.890 -5.740 -1.754 5.442 28.972

Coefficients:
Estimate Std. Error t value Pr(>|t|)

(Intercept) -0.18503 3.71377 -0.050 0.96051
income 0.59755 0.08936 6.687 5.12e-08 ***
education 0.34532 0.11361 3.040 0.00416 **
typeprof 16.65751 6.99301 2.382 0.02206 *
typewc -14.66113 6.10877 -2.400 0.02114 *
---
Signif. codes: 0 â***â 0.001 â**â 0.01 â*â 0.05 â.â 0.1 â â 1

Residual standard error: 9.744 on 40 degrees of freedom
Multiple R-squared: 0.9131, Adjusted R-squared: 0.9044
F-statistic: 105 on 4 and 40 DF, p-value: < 2.2e-16
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Assessing the E! ects of Dummy Variables inR (2)

¥ The lm output suggests that the categorical variabletype has a
strong e! ect onÒprestigeÓ.

¥ The incrementalF-test conÞrms this Þnding
Anova(mod1)

Sum Sq Df F value Pr(>F)
income 4246.12 1 44.72 0.0000
education 877.22 1 9.24 0.0042
type 3708.74 2 19.53 0.0000
Residuals 3797.95 40
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The Reference Category Problem

¥ Typically categorical variables in statistical models are reported in
contrast to a reference category

¥ It is then di" cult to make inferences about di! erences between
categories aside from the reference category

¥ Typical solutions:
1. ReÞt the model with a di! erent reference category
2. Report the full variance-covariance matrix for the estimated

parameters. Astandard error between any two dummy regressors
could then be easily calculated:

var(aX + bY) = a2var(X) + b2var(Y) + 2abcov(X,Y)

¥ For a categorical variable withp levels, this would require reporting
1

2p(p! 1) covariances, making it di" cult to do so if only because of
space constraints.
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Quasi Standard Errors (1)

¥ Quasi standard errors are another solution
¥ They essentially summarizeall the covariances among the parameters

at the expense of just a single extra number to report
¥ For anm-level e! ect, there arem quasi standard errorssm rather than

the usualm ! 1 standard errors - i.e., the reference category also has a
standard error

¥ Using the pythagoras-type rule, we can then test for a di! erence
between any two regressors by Þnding the standard error of the
di! erence:

S E(Bk ! Bj) =
'

s2
k + s2

j
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Quasi Standard Errors (2)

¥ Since there is a quasi standard error for each category, an
approximate standard error can be obtained for any contrast
c = (c1, . . . , cm) as follows:

se(c"b) =
'

c2
1s2

1 + . . . + c2
ms2

m

¥ Notice above thatβ1, . . . , βm are treated as though they are
uncorrelated, with standard errorss1, . . . , sm. That is, there are no
covariances in the equation.

¥ The key property needed for a set of quasi standard errors is that for
all contrasts c:

var(c"b) # c2
1s2

1 + . . . + c2
ms2

m
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Quasi Standard Errors (3)

¥ In general, this approximation is not quite exact, so we must choose
s1, . . . , sm to make the ratio:

c2
1s2

1 + . . . + c2
ms2

m

var(c"b)
=

vs(c)
v(c)

as close to 1 as possible for all contrasts
¥ In other words, we want to keep the relative or proportionate error

as small as possible
¥ We use maximum likelihood, minimizing the following function, to

obtain the quasi standard errors for simple contrastsc:
(

j<k

)
log(s2

j + s2
k) ! log

*
var(Bk ! Bj)

+,
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Quasi Standard Errors: Cautions

1. Accuracy
¥ If only three categories - meaning that there is only one covariance -

quasi standard errors are exact. In other words, they lead to the same
conclusions as regular standard errors calculated using the
covariances.

¥ If more than three categories, however, there can be some error,
suggesting that quasi standard errors should be reported with an
indication of the possible error that could result from them

¥ Relative errors are returned automatically with theqvcalc function.
Relative errors of up to±5% are of little consequence, and even 10%
will usually not be very serious

2. Collinearity
¥ If explanatory variables are too closely related negative variances may

occur, rendering quasi-variances useless
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Quasi Standard Errors inR

¥ Quasi standard errors and variances can be calculated using the
qvcalc function in theqvcalc package.
> library(qvcalc)
> qvtype<-qvcalc(mod1,"type")
> summary(qvtype)

Model call: lm(formula = prestige ~ income + education + type, data = Duncan)
Factor name: type

estimate SE quasiSE quasiVar
bc 0.00000 0.000000 5.496714 30.213863
prof 16.65751 6.993007 4.322994 18.688277
wc -14.66113 6.108774 2.665193 7.103254

Worst relative errors in SEs of simple contrasts (%): 0 0
Worst relative errors over *all* contrasts (%): 0 0
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Plotting Estimates with Quasi Standard Errors

¥ Using the plot function, we
can plot the esimates with a
conÞdence interval that is±2
quasi SEÕs with

> plot(qvtype)

¥ This lets us visualize whether
there are any statistically
signiÞcant di! erences between
any of the categories of the
variable.
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An R Program for Calculating and Plotting Between Category Di! erences

¥ I wrote a function forR that
will calculate and plot these
di! erences in a matrix along
with the analytical standard
errors.

¥ The program is called
factorplot (in the DAMisc
library) and it will identify the
categorical variables in the
model and ask which one you
want to analyze.

¥ The results of a call to this
program are on the right.

> factorplot(mod1,"type")

! 16.66
6.99

p
ro

f

14.66

6.11

w
c

bc

31.32

5.08
prof

p < 0.05

p > 0.05

bold brow !! bcol

ital S.E.((brow !! bcol))
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Deviation Coding (1)

¥ Deviation coding provides an alternative to dummy variables when it
makes little sense to code one of the categories as a reference
category versus all others

¥ Instead we compare to the ÔaverageÕ category
¥ We requirem ! 1 deviation regressors:D1,D2, . . . ,Dm! 1, coded

according to the following rule:

D j =

-
.../
...0

1 for observations in categoryj
! 1 for observations in categorym

0 for observations in all other categories

¥ Equivalent to dummy coding in terms of model Þt (they produce the
same regression and residual sums of squares)
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Deviation Coding (2)

¥ The deviation coding for a three category variable would be as
follows:

Category D1 D2
α1 α2

1 1 0
2 0 1
3 -1 -1

¥ The category coded! 1 is constrained to the sum of the coe" cients
for the other categories

¥ We then have the following regression equations:
Category 1: µ1 = µ + (1 $ α1 + 0 $ α2)

= µ + α1

Category 2: µ2 = µ + (0 $ α1 + 1 $ α2)
= µ + α2

Category 3: µ3 = µ + (! 1 $ α1 ! 1 $ α2)
= µ ! α1 ! α2
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Deviation Coding: When Might you Use It?

¥ Assume that your goal is to examine both whether cleavage voting
has been generally stable over time and whether an electoral reform
in the middle of the period had a unique impact on cleavage voting

¥ Dummy regressors representing survey years would not allow us to
test both simultaneously

¥ With deviation regressors we could test for three period e! ects: pre-
and post-system change (P1), the within pre-system period (P2),
and the within post-system period (P3)

Year P1 P2 P3
α1 α2 α3

1993 -1 -1 0
1994 -1 1 0
1995 1 0 -1
1996 1 0 1
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Deviation Coding inR

¥ By default,R treats factors using dummy coding
¥ The coding can be changed to deviation coding using the

contrasts function, specifying Ôcontr.sum Õ (ÒsumÓreßects that the
coe" cients sum to zero)

¥ The reference category is chosen in the same way as dummy variable
coding
> contrasts(Duncan[["type"]])<-'contr.sum'
> contrasts(Duncan[["type"]])

[,1] [,2]
bc 1 0
prof 0 1
wc -1 -1
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Interaction E! ects (1)

¥ Dummy variables test for di! erences in level but not in slope.
¥ We may also be interested in whether slopes di! er, however.

¥ For example, we may want to test whether age e! ects are di! erent
for men (coded 1) and women (coded 0).

¥ When the partial e! ect of one variable depends on the value of
another, the two variables are said to interact

¥ In such cases it is sensible to Þt separate regressions for men and
women, but this does not allow for a formal statistical test of the
di! erences

¥ SpeciÞcation of interaction e! ects facilitates statistical tests for a
di! erence in slopes within a single regression
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Interaction E! ects (2)

¥ Interaction terms are theproduct of the regressors for the two
variables.

¥ The interaction regressor in the model below isXiDi:

Yi = α + βXi + γDi + δ(XiDi) + εi

incomei = α + β agei + γ meni + δ(agei $ meni) + εi

¥ The parametersα and β are the intercept and slope for the reference
group (i.e., the category coded zero for the dummy regressor -
gender in this case)

¥ The intercept for the other group (men) isα + γ and the slope is
β + δ
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Interaction E! ects in Detail

To clarify this, we can write out the equations as below:
For women (D = 0):

öYi = α + βXi + γ(0)+ δ(Xi $ 0)
= α + βXi

For men (D=1):

öYi = α + βXi + γ(1)+ δ(Xi $ 1)
= (α + γ) + (β + δ)Xi

Unlike in the non-interaction model, the regression lines are not parallel,
so we cannot interpretγ as the unqualiÞed partial e! ect of gender
controlling for age (it is the e! ect only at agei=0). Similarly, β is not the
unqualiÞed e! ect of age controlling for gender (it is the e! ect only for
women).
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Variance of Conditional E! ects

In the previous side, the conditional e! ects were given as follows:

E! ect of X|D = 0 : β
E! ect of X|D = 1 : β + δ

Now, we need to know the variances of these terms:

öV(β) = öV(β)
öV(β + δ) = öV(β) + öV(δ) + 2 %öV(β, δ)

In general, ifa and b are constants andW and Z are variables, then

V(aW + bZ) = a2V(W) + b2V(Z) + 2abV(W,Z)
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Variance of Conditional E! ects in Matrix Form

The results above are useful, but these terms get complicated to
calculateÒby handÓif there is are more than 2 terms for which you want
to calculate the variance.

¥ The variance is the sum of all the variance and 2 times all of the
pairwise covariances

If we think about it in matrix terms, it is easier:

A =

!
""""""""""""""#

a1
a2
...

ak

$
%%%%%%%%%%%%%%&

V(W) =

!
""""""""""""""#

V(w1) V(w1,w2) á á áV(w1,wk)
V(w2,w1) V(w2) á á áV(w2,wk)
...

...
. . .

...
V(wk,w1) V(wk,w2) á á á V(wk)

$
%%%%%%%%%%%%%%&

Then,

V(A′W) = A′V(W)A
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Interaction Example

Suppose we have the following model and we want to know the
conditional e! ect and conditional variance ofXi1:

öYi = β0 + β1Xi1 + β2Xi2 + β3Xi3 + β4Xi1Xi3

We know the conditional e! ect is:

∂ öYi

∂Xi1
= β1 + β4Xi3

Now, if we want to know the conditional e! ect and its variance when
Xi3 = 10, then we could deÞne:

x0 =

!
""""""""""""""""#

0
1
0
0
10

$
%%%%%%%%%%%%%%%%&

and β =

!
""""""""""""""""#

β0
β1
β2
β3
β4

$
%%%%%%%%%%%%%%%%&

The conditional e! ect is just x"
oβ, and the conditional variance of the

e! ect of Xi1|Xi3 = 10 is: V(x"
0β) = x"

0V(β)x0
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Hypothesis Tests for Interactions

¥ An Incremental F-test gives an hypothesis test for a set of
interaction terms

¥ Using the Duncan data, assume the model:

̂prestigei = α + β1incomei + γ1profi + γ2wci

+ δ1(incomei $ profi) + δ2(incomei $ wci)

¥ prof and wc represent dummy regressors for professional and white
collar occupations respectively (blue collar is the reference category)

¥ The terms(incomei $ profi) and (incomei $ wci) capture the
interaction between income and occupation type
> Duncan.mod <- lm(prestige ~ income*type, data=Duncan)
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Output from Duncan model

(Intercept) 22.46%

(5.53)
income 0.59%

(0.10)
type1 ! 19.78%

(5.95)
type2 24.71%

(7.84)
income:type1 0.25

(0.13)
income:type2 ! 0.04

(0.14)
N 45
R2 0.90
adj. R2 0.89
Resid. sd 10.44
Standard errors in parentheses
% indicates significance at p < 0.05

¥ From the t-tests for the individual
coe" cients we see that income has a
strong and statistically signiÞcant
e! ect on prestige

¥ Professional jobs are also have higher
levels of prestige than blue collar jobs

¥ The interaction terms are not
statistically signiÞcant, but we
proceed as if they are for purpose of
demonstrating a global test for the
interaction using an incremental
F-test (compare the RegSS)
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Incremental F-test using theAnovafunction in car

Anova(Duncan.mod)

Sum Sq Df F value Pr(>F)
income 5922.42 1 54.30 0.0000
type 8347.63 2 38.27 0.0000
income:type 421.66 2 1.93 0.1583
Residuals 4253.51 39

Here, we have better evidence that the interaction between income and
occupation type isnot statistically signiÞcant.
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The Importance of Fitted Values

¥ Often reporting coe" cients and standard errors is not very helpful
¥ In such cases, Þtted values are very helpful
¥ Interaction e! ects

¥ Especially helpful for logit models, but also for linear models
¥ Nonlinear relationships

¥ Polynomial regression, logit models
¥ Coe! cients are di! cult to interpret

¥ Nonparametric regression
¥ There are no parameters to interpret, so fitted values must be plotted

on graphs
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Fitted Values from Linear Models (1)

1. Select the variable,X1, for which you want to determine the e! ect
2. In the fitted equation, substitute aÒtypicalÓvalue (e.g., the mean)

for all XÕs except forX1

̂prestige= 2.69(1)+ 0.85income+ 44.49prof+ 14.85wc
! 0.29(income$ prof) ! 0.47(income$ wc)

3. Find fitted values of Y at values through the range ofX1
¥ If IÕm interested in the e! ects of income for each type of occupation,

I would set education to its mean, but let income and type take on
values through their ranges

¥ IÕd then Þnd three sets of Þtted values for the e! ects of income, one
for each type
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Fitted Values from Linear Models (2)

4. For linear models, the Þtted values are easily interpreted because
they are in the metric ofY.

¥ If we wish to compare e! ects for severalXÕs that are all categorical,
the Þtted values for each category can be put in a table. Likewise,
interactions between categorical variables can also be displayed in a
table

¥ If X1 is a quantitative variable, a graph (E! ect Display) ofY plotted
againstX1 is very e! ective. If interested in an interaction with a
quantitative predictor, we will plot several lines

5. ConÞdence envelopes for the line can also be constructed in the
same manner from the standard errors
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Fitted E! ects in Matrix Form

¥ Consider the general linear model:

y = Xβ

¥ Let ÷X include all combinations of values of predictors appearing in a
higher order term, andÒtypicalÓvalues for all other terms. Here, the
structure of ÷X is the same as it is forX

¥ The Þtted values from the equation below represent the e! ect of
interest:

öy%= ÷Xb

¥ The standard errors of these Þtted values are the square-root of the
diagonal entries of:

÷X 1V(b) ÷X"
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Fitted Values and Interactions between Categorical Variables

¥ Fitted values are easily calculated inR using theallEffects or the
effect commands in theeffects package

¥ This function returns the Þtted values and 95% conÞdence interval
for the Þtted values

> data(Prestige)
> mod <- lm(prestige ~ income * type, data=Prestige)
> mod.effects <- effect("income*type", mod)
> names(mod.effects)

[1] "term" "formula" "response" "variables"
[5] "fit" "x" "model.matrix" "data"
[9] "discrepancy" "se" "lower" "upper"

[13] "confidence.level" "transformation"
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E! ect Displays inR (1): Code for E! ect Display

> mod2<-lm(prestige~education+income*type, data=Prestige)
> plot(effect("income*type", mod2))
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E! ect Displays inR (2)

income*type effect plot
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E! ect Displays inR (3)

> plot(effect("income*type", mod2), multiline=T)

income*type effect plot
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My Functions for E! ect Displays

¥ I wrote a few functions for making e! ect displays that are in the
DAMiscpackage.

¥ For various reasons, I think that mine provide functionality that the
other do not, though the others are very likely considerably less
ÒbuggyÓ
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E! ect Displays for Linear Model Interactions for Quantitative Variables

¥ Plotting with allEffects can give two types of e! ect displays:
¥ A display that graphs all e! ects on a single graphs (no conÞdence

envelopes)
¥ Separate displays for each e! ect that include conÞdence envelopes

¥ E! ect displays can also display interactions between two quantitative
variables.

¥ In these cases, e! ects for one of the variables are displayed at set
levels of the other (by default,all.effects places the variable with
the largest number of categories on the horizontal axis)
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Conditional E! ects Plot: Two Quantitative Variables

¥ One reasonable way to proceed when you have two quantitative
variables is to graph theÒe! ectÓofx1 for all possible (reasonable)
values ofx2 along with some conÞdence bounds.

¥ The graphs at below show just this graph for the e! ects of bothx1
(left) and x2 (right)

¥ The model for the graphs below is:y = b0 + b1x1 + b2x2 + b3x1x2 + εi

> set.seed(123)
> x <- mvrnorm(250, c(0,0), matrix(c(1,.4,.4, 1), ncol=2))
> y <- 2 + 3*x[,1] - 4*x[,2] + 3*x[,1]*x[,2] +
+ rnorm(250, 0,3)
> df <- data.frame(y=y, x1=x[,1], x2=x[,2])
> mod <- lm(y ~ x1*x2, data=df)
> DAintfun2(mod, c("x1","x2"), name.stem="x12",
+ plot.type="pdf")
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Program for 3-D Surface Plots

¥ We could also make a 3-D surface plot. Assuming the model from
above is:

y = β0 + β1x1 + β2x2 + β3x1 $ x2 + Zθ

we could plot just

β1x1 + β2x2 + β3x1 $ x2

Essentially holding all other variables constant at zero.

> DAintfun(mod, c("x1","x2"), theta=245, phi=30)
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Centering and Interactions

¥ LetÕs assume we have the following model:

Yi = β0 + β1X1 + β2X2 + β3X1X2 + εi

Whereβ =

!
"""""""""""#

2
3

! 4
3

$
%%%%%%%%%%%&

and X & N2(µ,Σ)

µ =
2

10
10

3
and ! =

2
1.0 0.4
0.4 1.0

3

¥ Both X variables are always positive and correlated at a reasonable
level. LetÕs see what happens to the Þtted values and coe" cients
when we mean-center them.
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Mean Centering (1)

¥ LetÕs see what mean centering does to the interaction:
No Mean Centering Mean Centering
X1 X2 X1 $ X2 X1 X2 X1 $ X2
20 20 400 9 9 81
10 20 200 -1 9 -9
1 20 20 -10 9 -90
20 10 200 9 -1 -9
10 10 100 -1 -1 1
1 10 10 -10 -1 10
20 1 20 9 -10 -90
10 1 10 -1 -10 10
1 1 1 -10 -10 100

¥ So, mean centering is deÞnitely changing the ordering of your
variables. LetÕs see if it actually gives us di! erent answers
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Mean Centering (2)

Not Cent Cent
(Intercept) 23.55% ! 1.29%

(11.75) (0.13)
x1 0.93 33.14%

(1.18) (0.13)
x2 ! 6.31% 25.90%

(1.18) (0.13)
x1:x2 3.22% 3.22%

(0.12) (0.12)
N 1000 1000
R2 0.99 0.99
adj. R2 0.99 0.99
Resid. sd 3.91 3.91
Standard errors in parentheses
% indicates significance at p < 0.05

No Cent Cent
x1 90.73 1.19
x2 90.54 1.19

x1:x2 251.45 1.00

Table: VIF Statistics
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Conditional E! ect of X

¥ Since weÕve moved theXÕs around, we need to consider not the
e! ects in the model, but the conditional e! ects holding theXÕs at
the same placesrelative to their respective distributions, for instance:

x1 x1 (cent) x2 x2 (cent)
25th 9.31 -0.69 9.34 -0.66
50th 10.02 0.02 10.00 -0.00
75th 10.71 0.71 10.64 0.64

¥ Now, we can look at the conditional e! ects ofX1 and X2 at the
given values above:

e! x1 e! x1 (cent) e! x2 e! x2 (cent)
25th 31.03 31.03 23.68 23.68

0.15 0.15 0.16 0.16
50th 33.13 33.13 25.96 25.96

0.14 0.14 0.14 0.14
75th 35.21 35.21 28.18 28.18

0.15 0.15 0.16 0.16

Table: Conditional E! ects of x1 and x2
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Categorical Explanatory Variables
Dumy Variables
Multi-Category EVÕs
Deviation Coding

Interaction E! ects
Interaction E! ects in Detail
Hypothesis Tests for Interactions
Interactions and Fitted Values
E! ect Displays

Relative Importance
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Determining Relative Importance

¥ If two explanatory variables are measured in exactly the same units,
we can asses their relative importance in their e! ect on y quite
simply

¥ The larger the coe" cient, the stronger the e! ect

¥ Often, however, our explanatory variables are not all measured in the
same units, making it di" cult to assess relative importance

¥ This problem can be overcome for quantitative variables by using
standardized variables

¥ We can generalize standardization to include sets of variables, thus
incorporating factors, interactions, and multiple e! ects
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Standardized Regression Coe" cients

¥ Standardized coe" cients enable us to compare the relative e! ects of
two or more explanatory variables that have di! erent units of
measurement

¥ Standardized coe" cients convert all the variables into standard
deviation units:

Yi ! øY
S y

=

4
B1

S 1

S y

5
Xi1 ! øX1

S 1
+ á á á+

4
Bk

S k

S y

5
Xik ! øXk

S k
+

Ei

S y

¥ We interpret the e! ects of a standardized variable as the average
number of standard deviation unitsY changes with an increase in
one standard deviation inX

¥ Since they donÕt have a standard deviation, standardized coe" cients
for factors are meaningless
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Standardized Coe" cients using Matrices

¥ Recall that the matrix equation for the least-squares slopes is:

B = (X′X)−1X′y

whereX′X is the variance-covariance matrix
¥ The matrix equation for the standardized coe" cients is then:

b∗ = R−1
XX rXy

whereRXX is the correlation matrix between the explanatory
variables andrXy is the vector of correlations between the
explanatory variables and the outcome variable.

60 / 70



Standardized Variables: Cautions

¥ It makes little sense to standardized dummy variables:
¥ It cannot be increased by a standard deviation so the regular

interpretation for standardized coe" cients does not apply
¥ Moreover, the standard interpretation of the dummy variable showing

di! erences in level between two categories is lost
¥ We cannot standardize interaction e! ects

¥ They are dependent on the main e! ects
¥ We can, however, standardize quantitative variables beforehand and

construct interaction terms afterwards.
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Standardized Variables inR

¥ Unlike some statistical packages,R does not automatically return
standardized coe" cients

¥ A separate model must be Þtted to a dataset for which all
quantitative variables have been standardized

¥ This is done using the scale function.
¥ Variables can be standardized individually:

> gini.std <- scale(gini)
¥ Alternatively, all the quantitative variables can be standardized at the

same time by creating a new scaled dataset:
> scaled.data <- data.frame(scale(

Weakliem[, c("secpay", "gini", "gdp")]))
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Relative Importance of a Set of Predictors (1)

¥ In the standardized variables case, we can easily determine relative
importance by the ratio of the two standardized coe" cients

¥ In other words, we assess the ratio of the standard deviations of the
two contributions to the linear predictor

¥ Imagine now that we are interested in the relative e! ects of two sets
of variables (e.g., a set of dummy regressors for a single variables
versus the e! ects of another variable)

¥ Instead of individual standardize variables, we explore the relative
contributions that the set of variables make to the dispersion of the
Þtted values
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Relative Importance of a Set of Predictors (2)

¥ Following from Silber et al. (1995) the ratio of variances of the
contributions of two sets of variables,ω, can be determined by:

ω =
β′X′Xβ
γ′H′Hγ

Whereβ is the coe" cient vector andX is the model matrix for the
set1 predictors; γ is the coe" cient vector andH is the model matrix
for the set2 predictors

¥ If ω = 1, then both sets of predictors contribute the same amount of
variation in the outcome variable

¥ MLE also provides an approximate test ofH0 : ω = 1 which refers to
the standard normal distribution, yielding the standard conÞdence
intervals, thus making the test generalizable to GLMs
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The relimp Package inR

¥ The relimp package forR implements theω measure of relative
importance of Silber et al.

¥ The variables of interest can be speciÞed in a command line, with
each e! ect given the number corresponding to its column(s) in the
model matrix (or row in the regression output)
> library(relimp)
> relimp(model, set1=1:3, set2=4:5)
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Relative Importance: An Example (1)

> mod1<-lm(prestige~income+education+type, data=Duncan)
> apsrtable(mod1, model.names="", Sweave=T)

(Intercept) 0.48
(6.69)

income 0.60%

(0.09)
education 0.35%

(0.11)
type1 ! 0.67

(4.04)
type2 15.99%

(3.53)
N 45
R2 0.91
adj. R2 0.90
Resid. sd 9.74
Standard errors in parentheses
% indicates significance at p < 0.05
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Relative Importance: An Example (2)

> library(relimp)
> relimp(mod1, set1=2, set2=4:5)

Relative importance summary for model
lm(formula = prestige ~ income + education + type, data = Duncan)

Numerator effects ("set1") Denominator effects ("set2")
1 income type1
2 type2

Ratio of effect standard deviations: 1.332
Log(sd ratio): 0.287 (se 0.276)

Approximate 95% confidence interval for log(sd ratio): (-0.255,0.829)
Approximate 95% confidence interval for sd ratio: (0.775,2.29)

In this instance, theω measure suggests these two sets of predictors
contribute equally to the variation in the dependent variable.

67 / 70

Recap

Categorical Explanatory Variables
Dumy Variables
Multi-Category EVÕs
Deviation Coding

Interaction E! ects
Interaction E! ects in Detail
Hypothesis Tests for Interactions
Interactions and Fitted Values
E! ect Displays

Relative Importance

68 / 70



Readings

Today:

%Firth (2003)
! Firth and Menzes (2004)
%Brambor, Clark and Golder (2006)
%Braumoeller (2004)
! Kam and Franzese (2007)
%Silber, Rosenbaum and Ross (1995)

Monday: Linearity Diagnostics

%Fox (2008) Chapters 4 & 12 (Sections 12.3-12.5)
%Fox (2002) Chapter 3
%Jacoby (1999)
! Cook and Weisberg (1999) Chapter 16
! Box and Tidwell (1962)
! Breiman and Friedman (1985a,b), Pregibon and Vardi (1985), Buja
and Kass (1985), Fowlkes and Kettering (1985)
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